In this paper, we give upper and lower bounds for the spectral radius of a nonnegative irreducible matrix and characterize the equality cases. These bounds theoretically improve and generalize some known results of Duan et al. Finally, applying these bounds to various matrices associated with a graph, we obtain some new upper and lower bounds on various spectral radiuses of graphs, which generalize and improve some known results.
Introduction
We only consider simple graphs which have no loops and multiple edges. Let G = (V, E) be a simple graph with vertex set V = {v 1 , v 2 , . . . , v n } and edge set E. For any two vertices v i , v j ∈ V , we write i ∼ j if v i and v j are adjacent. For any vertex v i ∈ V , denote the degree of v i by d i .
The matrix A(G) = (a ij ) is called the adjacency matrix of G, where a ij = 1 if i ∼ j and 0 otherwise. Let D(G) = diag(d 1 , d 2 , . . . , d n ) be the diagonal matrix of vertex degrees. Then Q(G) = D(G) + A(G) is called the signless Laplacian matrix of G. For more review about the signless Laplacian matrix of G, readers may refer to [5, 6, 7, 8] and the references therein. If G is connected, then the distance matrix of G is the n × n matrix D(G) = (d ij ), where d ij is the distance between two vertices v i and v j in G. For any vertex v i ∈ V , denote the transmission of v i by D i , i.e., the the sum of distances between v i and other vertices of G. Let TÖ(G) = diag(D 1 , . . . , D n ) be the transmission diagonal matrix. The distance signless Laplacian matrix of G is the n × n matrix DQ(G) = TÖ(G) + D(G). For more review about the distance signless Laplacian matrix of G, see [1] .
Let A=(a ij ) be an n × n nonnegative matrix. The spectral radius of A, denoted by ρ(A), is the largest modulus of an eigenvalue of A. Moreover, if A is symmetric, then ρ(A) is just the largest eigenvalue of A. For more review about nonnegative matrix, see [2, 13] .
In [3] , Chen et al. obtained some upper bounds for the spectral radius of a nonnegative irreducible matrix with diagonal entries 0 and characterized the equality cases. Using the same technique, Duan and Zhou [9] got some upper and lower bounds for the spectral radius of a nonnegative matrix and characterized the equality cases whenever the matrix is irreducible in the general case. Applying these bounds to the matrices associated with a graph as mentioned above, they also obtained some upper and lower bounds on various spectral radiuses of graphs. For example, Let
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In this paper, using a positive scale vector and their intersections, we give some upper and lower bounds for the spectral radius of a nonnegative irreducible matrix and characterize the equality cases. These bounds theoretically improve and generalize some known results in [9] . Applying these bounds to various matrices associated with a graph, including the adjacency matrix, the signless Laplacian matrix, the distance matrix, the distance signless Laplacian matrix, we obtain some new upper and lower bounds on spectral radius of various matrices of a graph as mentioned above, which generalize and improve some known results.
Upper and lower bounds for spectral radius of a nonnegative matrix
In [14] , Tian et al. presented some new inclusion intervals of matrix singular values. These intervals are based mainly on the use of positive scale vectors and their intersections. In this section, using a similar technique, we shall give some upper and lower bounds for spectral radius of a nonnegative matrix. 
Moreover, the equality holds in (7) if and only if
Proof. Let U = diag(c 1 , c 2 , . . . , c n ). Obviously, A and B = U −1 AU have the same eigenvalues. Thus, applying Theorem 2.1 in [9] to B, one may obtain the required result. ✷ Corollary 1 [9] . Let A = (a ij ) be an n × n nonnegative irreducible matrix with row sums
Moreover, the equality holds in (8) if and only if r 1 = r 2 = · · · = r n or for some 2 ≤ t ≤ i, A satisfies the following conditions:
Proof. Take c = (1, 1, . . . , 1) T in Theorem 1, one may obtain the required result. ✷ Corollary 2 [3] . Let A = (a ij ) be an n × n nonnegative irreducible matrix with diagonal entries 0, its row sums
Moreover, the equality holds in (9) if and only if r 1 = r 2 = · · · = r n or for some 2 ≤ t ≤ i, A satisfies the following conditions:
Proof. Take c = (1, 1, . . . , 1) T and M = 0 in Theorem 1, one may obtain the required result. ✷ Remark 1. From Corollaries 1 and 2, one may see that Theorem 1 improves and generalizes some results in [3, 9] . On the other hand, we always assume that M 1 ≥ M 2 ≥ · · · ≥ M n in Theorem 1 because the matrix B = U −1 AU in the proof of Theorem 1 may satisfy this condition under permutation similarity. Finally, Chen et al. [3] claim that the equality holds in (9) if and only if r 1 = r 2 = · · · = r n or for some 2 ≤ i ≤ n, A satisfies r 1 = r 2 = · · · = r i−1 > r i = · · · = r n and a kl = N for 1 ≤ k ≤ n, 1 ≤ l ≤ i − 1 with k = l (see Theorem 1.9 in [3] ). However, it seems to be inaccurate. For example, let 
Moreover, the equality holds in (10) if and only if
A satisfies the following conditions:
Proof. Let U = diag(c 1 , c 2 , . . . , c n ). Obviously, A and B = U −1 AU have the same eigenvalues. Thus, applying Theorem 2.2 in [9] to B, one may obtain the required result. ✷ Corollary 3 [9] . Let A = (a ij ) be an n × n nonnegative irreducible matrix with row sums
Moreover, the equality holds in (11) if and only if r 1 = r 2 = · · · = r n or T > 0, for some 2 ≤ t ≤ n, A satisfies the following conditions:
Proof. 
Bounds for spectral radius of various matrices associated with a graph
Let G = (V, E) be a simple graph with vertex set V = {v 1 , v 2 , . . . , v n } and edge set E.
. . . ≥ d n be degree sequence of G. Denote by m i the average degree of a vertex v i , which is j∼i dj di . In [11, 15] , authors introduced the following notation: for any real number α,
where
the equality holds in (12) if and only if
α m) n or for some 2 ≤ t ≤ i, G has one of the following properties:
T in (7). Obviously, c is a positive vector as G is connected. Now apply Theorem 1 to A(G). Notice that
We readily get the required upper bound (12) . Again from Theorem 1, the the equality holds in (12) if and only if ( α m) 1 = ( α m) 2 = · · · = ( α m) n or for some 2 ≤ t ≤ i, A(G) = (a ij ) satisfies the following conditions:
Consider the following three cases: α = 0, α > 0 and α < 0. If α = 0, then the above (a) implies that
Finally, consider α < 0. From the (a) and N ≥ 1, one gets
This completes our proof. ✷ Remark 3. Take α = 0 in (12), we obtain the upper bound (1). Hence the upper bound (12) improves and generalizes some results in [9, 12] .
Corollary 4 [10] . Let G be a connected graph on n ≥ 2 vertices with average degree
where N = max i∼j {d j /d i }. Moreover, the equality holds in (13) if and only if m 1 = m 2 = · · · = m n , i.e., G is pseudo-regular.
Proof. Take α = 1 in (12), we obtain the upper bound (13) 
where ∆ is the maximum degree of G, N = max i∼j {d
the equality holds in (14) if and only if (
α m) 1 + d 1 = ( α m) 2 + d 2 = · · · = ( α m) n + d n or for some 2 ≤ t ≤ i,
G has one of the following properties: (i) If α = 0, then G is a bidegreed graph in which d
T . Obviously, c is a positive vector as G is connected. Now apply Theorem 1 to Q(G). Notice that
Thus we obtain the required upper bound (14) . Again from Theorem 1, the the equality in (14) holds if and only if (
Consider the following three cases: α = 0, α > 0 and α < 0. If α = 0, then the above (b) implies
This completes our proof. ✷ Remark 4. Take α = 0 in (14), we may obtain the upper bound (2) . Hence the upper bound (14) improves and generalizes some results in [9, 4] .
Corollary 5. Let G be a connected graph on n ≥ 2 vertices with
where ∆ is the maximum degree of G, N = max i∼j {d j /d i }. Moreover, the equality holds in (15) if and only if
Proof. Take α = 1 in (14), the required result follows as (
Remark that the equality holds in (15) for some 2 ≤ i ≤ n whenever G is a bidegreed graph in which m 1 +d 1 > m 2 +d 2 = · · · = m n +d n and . Now we introduce the following notation: for any real number α,
Theorem 5. Let G be a connected graph on n ≥ 2 vertices with generalized average transmissions
the equality holds in (16) if and only if
satisfies the following conditions:
We easily obtain the required result.
Corollary 6 [9] . Let G be a connected graph on n ≥ 2 vertices with transmissions
Also let d be the diameter of G. Then, for 1 ≤ i ≤ n, the inequality (3) holds. Moreover, the equality holds in (3) if and only if
Proof. Take α = 0 in (16), the upper bound (3) follows. Again from Theorem 5, the equality holds in (3) if and only if 
the equality holds in (17) if and only if
Theorem 6. Let G be a connected graph on n ≥ 2 vertices with generalized average transmissions
the equality holds in (18) if and only if
Proof. Apply Theorem 2 to D(G). The rest proof is similar to that Theorem 5, omitted. ✷ Remark 5. Take α = 0 in (18), we may obtain the bound (5) . Hence the lower bound (18) improves and generalizes the result in [9] . If α = 1 in (18), then
where T = min 1≤i =j≤n {d ij D j /D i }.
Apply Theorem 1 to the distance signless Laplacian matrix DQ(G), we easily arrive at:
Theorem 7. Let G be a connected graph on n ≥ 2 vertices with (
where M = max 1≤i≤n {D i }, N = max 1≤i =j≤n {d ij D (ii)
If we apply Theorem 2 to the distance signless Laplacian matrix DQ(G), then the following theorem is obtained.
Theorem 8. Let G be a connected graph on n ≥ 2 vertices with (
